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1 Introduction 

In this paper we consider the question of whether the doubling character of a measure 
supported on a subset of M. m determines the regularity of its support (in a classical sense). 
This problem was studied in [1] for codimension 1 sets under the assumption that the support 
be flat. Here we study the higher codimension case and remove the flatness hypothesis. 
In order to give precise statements we need to introduce some definitions. Fix integer di- 
mensions < n < m and a closed set £ C lR m . For ieE and r > 0, set 

(1.1) 9^(x, r) = - inf{.D[£ PI B(x, r), L n B(x, r)]; L is an affine n-plane through x}, 

where B(x, r) denotes the open ball of center x and radius r in IR m , and where 

(1.2) D[E, F] = sup{dist(y, F); y E E} + sup{dist(y, E);y E F} 

denotes the usual Hausdorff distance between (nonempty) sets. If there is no ambiguity over 
the set we are considering we write 6(x,r) rather than 9s(x,r). 

Definition 1.1 Let 5 > be given. We say that the closed set £ C M m is 5-Reifenberg flat 
of dimension n if for all compact sets K C £ there is a radius > such that 

(1.3) 6(x,r) < 5 for all x E K and < r < tk- 

Note that it does not make sense to take S large (like 5 > 2), because 9(x,r) < 2 anyway. 

Definition 1.2 We say that the closed set £ C M m is Reifenberg flat with vanishing constant 
(of dimension n) if for every compact subset K of £, 

(1.4) lim 9 K (r) = 0, 

r- *0+ 

where 

(1.5) 0k{t) = sup 9(x,r). 

xeK 
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Unless otherwise specified, "measure" here will mean "positive Radon measure" , i.e. "Borel 
measure which is finite on compact sets." Let \x be a measure on R m , set 

(1.6) suppO) = {x e W n ; n(B(x, r)) > for all r > 0}. 

For a measure fi on M. m , with support £ = supp(/x) we define for x G £, r > and t G (0, 1] 
the quantity 

(17) RAx r) = M£QM0) „ 

^ lX,rj /i(5(x,r)) * ' 

which encodes the doubling properties of ji. 

Definition 1.3 A measure /i supported on E is said to be asymptotically optimally doubling 
if for each compact set K C £, x G K, and t G [|, 1] 

(1.8) lim sup \R t (x,r)\ = 0. 

The results in this paper can be summarized as follows: first under the appropriate conditions 
on 9(x,r) (see (II. ip ) the asymptotic behavior of Rt(x, r) as r tends to fully determines 
the regularity of £. Second for asymptotically doubling measures which are Ahlfors regular 
flatness is an open condition. 

We mention the local versions of some of the previous results along these lines. 

Theorem 1.4 ([4|, [lj) Let fi be an asymptotically doubling measure supported on £ C M m . 
If n = 1,2, £ is Reifenberg flat with vanishing constant. If n > 3, there exists a constant 
5(n,m) depending only on n and m such that if xq G £ and £ R S(xo,2i?o) is 5(n,m)- 
Reifenberg flat, then £ fl B(xq, Rq) is Reifenberg flat with vanishing constant. 

The converse is also true. 

Theorem 1.5 ([I]) //£ is a Reifenberg flat set with vanishing constant there exists a mea- 
sure fi supported on £ which satisfies U.8\) . 

Precise asymptotic estimates on the quantity R t (x,r) yield stronger results about the regu- 
larity of £. 

Theorem 1.6 ([1]) For each constant a > we can find (3 = /3(a) > with the following 
property. Let fi be a measure in ~R n+1 , set £ = supp(/i), and suppose that for each compact 
set K C £, there is a constant Ck such that 



;i.9) 



n(B(x,tr)) t% 



n(B(x,r)) 



< C K r a for r G (0, 1], t G [^, 1] and xeK. 



If n = 1,2, £ is a C 1 ^ submanifold of dimension n in IR n+1 . If n > 3, for xq G £ if 
£ fl B(xq, 2Rq) is -^-Reifenberg flat, then £ n B(xq, Rq) is a C 1 ' 13 submanifold of dimension 



n in ll£ n+1 . 
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For n > 3, the preceding theorem fails if one removes the flatness assumption. Indeed, 
Kowalski and Preiss [3] discovered that the 3-dimensional Hausdorff 7i 3 measure on the cone 



x = {x e 



p4 . 



■'.I 



x\ + x\ + x\} satisfies H 3 (B(x,r) (1 X) — Cr 3 for all x G X and all 



r > 0. Clearly, (jl.9p holds in this case and X is non smooth at the origin. 
In this paper we extend Theorem II .61 to general codimensions in M m , and moreover we prove 
that, when n > 3, if one does not assume £ to be Reifenberg flat, one still has that £ is 
smooth out of a small closed set (like in the case of the cone X). The precise statement is 
the following. 

Theorem 1.7 For each constant a > we can find (3 = /3(a) > with the following 
property. Let fi be a measure in R m supported on S ; and suppose that for each compact set 
K cE, there is a constant Ck such that 



(1.10) 



fi(B(x, tr)) 



t n 



< C K r a for r G (0, 1], t G [-, 1] and x G K. 



If ' n = 1,2, E is a C 1 ' 13 submanifold of dimension n in R m . Ifn>3,T,isa C 1 ' 13 submanifold 
of dimension n in ~R m away from a closed set S such that 7i n (S) = 0. 

We would like to point out that condition ( 11.101) implies an apparently stronger condition, 
namely that for each compact set ifcE, there is a constant Ck depending on K, n and a 
such that 



(1.11) 



ji(B(x, tr)) 



fi(B(x,r)) 



-t r 



< C K r a for r G (0, 1], t G (0, 1] and x G K. 



In fact assume that (11.101) holds and let r G (0, 1/2). There exits j 6 N, j > 2 so that 
1/2? < t < l/2i- 1 thus tJ = te [1/2, l/y/2). For x G K, and r G (0, 1], ffTTOD yields 



1.121 



t n{j - l) \n(B(x,tr)) -t n fi(B(x,r))\ < C K r a t n ^- 1] fi(B(x,r)) 
t n{j - 2) \fx(B(x,t 2 r)) -t n fx(B(x,tr))\ < C K r a t n{] - 2) fi(B(x,tr)) 



< 



/i(B(x : t J r))-t n n(B(x,t J - L r))\ < C K r a n(B(x,t J - L r)). 



Adding the above inequalities, we obtain that 



3-1 



;i.i3) 



\fi(B(x,rr))-r n fi(B(x,r))\ < C K r a fi(B (x , r)) ^ 



i=0 



(V2> 



which implies that for x G (0, R), x G K and r G (0, 1/2) 

n(B{x,rr)) 



;i.i4) 



/i(B(x,r)) 

The constant C depends only on the dimension n. 



< CC K r a . 
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A first step in the proof of Theorem 11.71 is to prove that if \x satisfies f ll.lOp . then the 
restriction /z of TC n to £ is locally finite, and dfi(x) = D(x)dfj, (x) for some positive density 
D(x) such that log-D(x) is (locally) Holder with exponent ^jL_. Moreover, /x satisfies the 
stronger requirement that for all compact sets K C £ there is a constant Ck such that 

< Cxr^ for all x G if and < r < 1. 

We then deduce the conclusion of Theorem 11.71 from f)1.15p . by a method inspired by [3], 
[1] and [5]. We first show that if /z is a Radon measure supported on £ C K m , the local 
behavior of the quantity ^^T^ for s G £ and r G (0, 1] determines the regularity of £ 
near flat points. The we prove that the set of flat points is open and its complement has 7i n 
measure (see the two theorems below). Here ui n denotes the Lebesgue measure of the unit 
ball in W 1 . 



;i.!5) 



lM)(B(x,r)) 



Theorem 1.8 For each a > there exists (3 = /3(a) > with the following property. 
Suppose £ =supp(fi) C R m for some positive Radon measure fi, and that for each compact 
set K C £ there is a constant Ck such that 



;i.i6) 



fj,(B(x,r)) 



1 



uj n r' 



<C K r c 



for x G K and < r < 1. If n = 1,2, £ is a C 1,13 submanifold of dimension n in M m . 
If n > 3, there exists a constant S(n, m) depending only on n and m such that if x G £ 
and £ fl B(xo,2R ) is 6(n,m)-Reifenberg flat, then £ fl B(xq,Rq) is a C 1,13 submanifold of 
dimension n in M. m . 



Theorem 1.9 For each a > there exists (3 = (3(a) > with the following property. 
Suppose £ —supp(fi) C M. m for some positive Radon measure \i, and that for each compact 
set K C £ there is a constant Ck such that 



(1.17) 



ujr,r n 



1 



<C K r c 



for x G K and < r < 1. If n — 1,2, £ is a C 1,13 submanifold of dimension n in W 71 . If 
n > 3, £ is a C 1,/3 submanifold of dimension n in ~R m away from a closed set S such that 
H n (S) = 0. 



2 Preliminaries 

In this section we state several results which will be used throughout the paper. The codi- 
mension one versions appear in pQ. The reader would realize that the proofs given in there 
do not depend on the codimension. Thus we do not include proofs. 
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Proposition 2.1 Let a > be given. Let n be a measure supported on E C M. m and suppose 
that for all compact sets K C E ; i/iere zs a constant Ck such that 

(2.1) |#tO,r)| < C K r a forxeK andt,r E (0,1]. 
T/ien £/ie density 

(2.2) D(x) = lim ^1^1 

(where u n denotes the n-dimensional Hausdorff measure of the unit ball in W 1 ) exists for all 
iGE, and 

(2.3) < D(x) < +oo for x e E. 

Moreover, \ogD(x) is locally Holder; i.e., for all compact sets K C S, we can find C' K such 
that 

(2.4) | \ogD(x) - \ogD(y)\ < C' K \x - for x,y G K. 

Finally, denote by /io the restriction of H n to E ; i.e., fio = H n L E. Then /i is finite on 
compact sets, 

(2.5) dfi(x) = D(x)dfio(x), 

and for each compact set K C E there is a constant C'^ such that 
li (B(x,r)) 



(2.6) 



u n r' 



< C K r^+<* for x e K and < r < 1. 



Remark 2.2 When Ck in ( 12. ID is large, (12. ip only gives some information on the doubling 
properties of /i at small scales (i.e., when r a < C^ 1 ). Thus, even though we did not say 
explicitly that Rt(x,r) is only controlled for r small enough, this is implicit in (12.11) . 
Since (12.41) and (12.61) contain some amount of large-scale information, we might be forced in 
some cases to take huge values of C' K and C' K , that depend on the large-scale behavior of 
li (and not only on the Ck)- This problem can easily be fixed by restricting the domain of 
validity of (12.41) to \x — y\ < r , where r depends on Ck, and similarly restricting (12.61) to 
radii < r < r . Then we can get constants C' K and C' K that depend only on Ck- We could 
also fix the problem by requiring that fi be doubling. 

Let fi be an n-Ahlfors regular measure supported on E C K m , i.e suppose that for each 
compact set K C E there is a constant Ck > 1 such that 

(2.7) C,' < < Ck 
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for x G K and < r < 1. We follow [3j and introduce some moments for Ahlfors regular 
measures. Fix a compact set K and for X\ G K, define the vector b = b xi ^ r by 

n + 2 f 

(2-8) b = — / (r 2 -\y- x x \ 2 ){y - x^y). 



2iO n r n+2 JB(xi,r) 

Also define the quadratic form Q = Q XlyT on IR m by 

n + 2 f 

(2.9) Q(x) = — / (x,y- x 1 ) 2 d f i(y) 

^rJ JB(xi,r) 

for x G M. m . In all our estimates we use the fact that 

(2.10) \fi(B(x,t))-u n t n \ <C^t n+a forxGSnfi(xi,l) and < t < 1, 

which we get by applying (11.161) with X* = {i G E; dist(x, X) < 1}. 
Roughly speaking the following proposition shows that if the density ratio of /x, 
approaches 1 as r tends to in a Holder fashion then the points in the support of \x almost 
satisfy a quadratic equation. 

Proposition 2.3 Let \i be a measure supported on E C M m such that for each compact set 
K cS i/iere is a constant Ck such that 



(2.11) 



<C K r c 



io n r 11 

for x G K and < r < 1. For x± G K and < r < 1, let 

(2.12) Tr(Q) = ^±^f \y - x^y) 
denote the trace of Q. Then 

(2.13) \Tr{Q) -n\ < CC K r a . 
Also, if < r < \, for x G E H B (x 1: |) ; 

I 1 3 

(2.14) |2(6,a;-xi> + Qfx - xO - Ix-zd 2 ! <C |X ~ Xl1 +CC^r 2+Q . 
i i r 

For a measure \i supported on E and satisfying (12.11j) we introduce the quantity that allows 
us to measure the local flatness of E and prove its regularity. Let K C £ be a compact set 
and let Xi G if, for small radii p consider 

(2.15) P(x u p) = inf{- sup{dist(y, P);y E En p)}} 



Here the infimum is taken over all affine n-planes P through x\. In particular by (11.11) 



Note that (I1.16P implies that p satisfies the hypothesis of Theorem 11.41 which ensures that 
if E fl B(xq, 2R ) is Reifenberg flat for some xq G £ then 



Hence for x\ G £ fl B(x ,Rq), (3{xi, p) converges to as p —* uniformly on compact sets. 
The key step in the proof of Theorem II. 71 is to show that if p satisfies fll.lOp then there exists 
7 > such that for p small f3{x\ 1 p) < Cup 1 . This is also the main idea behind the proof 
of Theorem 11.61 Its implementation in the codimension 1 case is significantly simpler. Once 
the asymptotic behavior of f3 has been established we simply apply the following theorem 
which appears in Section 9 in pQ 

Proposition 2.4 Let < (3 < 1 be given. Suppose £ fl B(xq, 2R ) is a Reifenberg flat set 
with vanishing constant of dimension n in R m and that, for each compact set K C £, there 
is a constant Ck such that 



Then E fl B(xq, Rq) is a C 1,f3 submanifold of dimension n ofW 71 . 

3 Control on the flatness of E 

Let p be a measure satisfying the hypothesis of Proposition 12 .31 Assume p is supported on 
E C M m , and let K C E be a fixed compact set. Theorem 11.41 ensures that for each small 
5 > 0, we can find r G (0, 10~ 2 -R ) depending on K such that 

(3.1) 6(x,r) < 5 when x G E f]B(x ,R ), dist(x, K) < 1, and < r < 10r . 

As we proceed it might be convenient to make the value of ro smaller (depending on the 
constant Ck in (11.161) ). to make our estimates simpler. Without loss of generality we may 
assume that x\ = G E fl B(x , Rq). Let us recall the main properties of b and Q that are 
used in this section. In particular we do not need to know how b and Q are computed in 
terms of p (see O and O). First, b = b r G M m and 



(2.16) 



E fl B(xq, Rq) is Reifenberg flat with vanishing constant. 



(2.17) 



f3(x, r) < Cxr for x G K and r < 1. 



(3.2) 




by (12.81) and (12.101) . provided we assume that — 
the homogeneity is important to keep in mind. 



< 1. We do not explicitly need (13. 2p . but 
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Next, Q is a quadratic form defined on R m , (I2.9P and (12. f Op ensure that for x G M m 

^/ \ n + 2 /" l9 9 , , , (n + 2)|x| 2 , . 
3.3 0<Q(x < — 2 x 2 r 2 dfi(y)< { - £-Lp(fl(0,r 

u n r n+2 J B (0,r) 
< (n + 2)|x| 2 (l + w; 1 ^") < (2n + 4)|x| 2 , 

and 

(3.4) |Tr(Q) - n| < 
by ( 12.13(1 . It is convenient to set 

(3.5) Q(x) = \x\ 2 -Q(x). 
Then ( jZHD yields that 

(3.6) |2(6 r ,x) < Cr^laf + CCWr 2 ^ for x e S n B(0, T -). 

Initially we use (13.41) and ( 13.6(1 to derive more information about Q and b. We work at scales 
of the form p = r 1+7 smaller than r. Here 7 is a positive constant that will assume several 
different values. 

It is important to understand how (1 3 . 6 (1 is modified by a change of scale. Set 

(3.7) S p = 

P 

and 

(3.8) e; = s p n 5(0, = i(s n b(o, r -)). 

Note that ( 13.1(1 guarantees that we can choose an n-plane L through the origin such that 

(3.9) D[LC] B(0, p), £ n B(Q, p)} < p9(0, p) < pS, 

where D denotes the Hausdorff distance between sets, as in (jl.2p . (See also (ll.ip for the 
definition of 9(0, p)). Moreover for z £ SJ, we can apply ( 13. 6(1 to x = pz and get that 

(3.10) \ 2 { b -L, z )-Q( z )\ = p-*\2(b,x)-Q(x)\ 

P 

< Cp- 2 r- 1 |a;| 3 + CC K p- 2 r 2+a 
= Cpr~ l \z\ 3 + CC K p~ 2 r 2+a 
= Cr^\z\ 3 + CC K r a ~ 21 

because p = r 1+7 . In particular, 

(3.11) \(2b r r- 1 -\z) -Q(z)\ < Cr^ + CC K r a -^ =: e (r, 7 ) for z G £ r i+, D 5(0, -). 



To motivate the argument in the proof of Theorem 11.71 we briefly recall the main ideas in 
the proof of Theorem 11.61 (13. lip encodes the information required to estimate the quantity 
(3(0, po) defined in (I2.15p . In the codimension 1 case one needs to consider two cases. Either 
b in (13.111) is very small, and then one obtains an estimate on the smallest eigenvalue of Q 
which allows one to say that at the appropriate scale £ is very close to the plane normal to 
the corresponding eigenspace. If b is "large" then at the appropriate scale £ is very close to 
the plane orthogonal to b. In both cases one produces the normal vector which is orthogonal 
to the plane £ is close to. In higher codimensions we need to produce an m — n orthonormal 
family of vectors whose span is orthogonal to the n-plane £ is close to, at a given scale. The 
difficulty lies on the fact that there is only a single equation at hand, namely (13.111) . To 
overcome this problem we are forced to do a multiscale analysis of (13. lip . 
Our first intermediate result is an estimate on Q when b r is fairly small. Let us assume that 

(3.12) \b\ < r 1+2e 

for some 9 > 0. Then (13.111) and (I3.12p ensure that for z G S r i+ 7 H B(0, |) we have 

(3.13) \Q{z)\ < \{2br^-\z)\ + Cr^ + CC K r a ~^ 

< r 20- 7 + Cr i + cC K r a ~^ 

=■ ei(r,0,7). 

Note that (13.131) only provides useful information when 7 satisfies 

(3.14) < 7 < 26 and 2 7 < a. 

Choose an orthonormal basis (ei, . . . , e m ) of M m that diagonalizes Q. Thus 

m 

(3.15) Q{z) = Y,U^e l ) 2 

i=l 

for z G M m . Without loss of generality we may assume that 

(3.16) Ai<A 2 ---<A m . 

Note that Ai > because Q{z) > (see $XM) or (j33j) ). Also, by flS3| 

m 

(3.17) J2 X * = Tr (Q) < n + CC K r a . 

i=l 

In particular, by (I3.16P if k = m — n 

(3.18) mAi < Tr{Q) < n + CC K r a < n + -, 

(3.19) (n + l)A fe < Tr(Q) <n + CC K r a <n + -, 

2 
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provided we take r small enough. Thus 

2n + 1 , , 2n + 1 
3.20 < Ai < — — and X k < — — . 

2m 2n + 2 

This is just a crude first step. Our next goal is to obtain more precise estimates on Q, when 
(13.12p holds, i.e., \b\ < r 1+28 , under the additional constraint that 

a 

(3.21) 0<9<-. 
V ; 3 

Lemma 3.1 Suppose that /iS.lty) . ( 3.14 ) an d \3.2l\) hold. Let k = m — n. For tq small 
enough and €2(7", 9, 7) = na~ 2 ei(r, 9, 7), where a is a constant that only depends on n and m, 
we have 

k 

(3.22) 0<^A, < e 2 (r,e, 1 )+CC K r a , 

1=1 

(3.23) |A fc+l -l| < e 2 {r,9, 1 ) + r a / 2 for 1 < i < n, 
and 

k 

(3.24) \Q(z) - e i) 2 \ < Hr, 9, 7) + r a/2 ) \z\ 2 for z e R m . 

1=1 



in 



Note that (13.241) automatically follows from (I3.22p and (13.231) . In fact if we write z = z i e 

i=i 

then by (13.51) and (13.151) we have 

k k 



1 1 

.2 



(3.25) Q(z)-J2(^ei) 2 = \z\ 2 - Q{z) 

i=l i= 
n m 

i=l i=l 
k n 



1=1 1=1 



Note that the choice 7 = 9 with 9 as in (13 . 1 3[) satisfies (13.141) . In this case Lemma 13.11 
becomes 

Corollary 3.2 Suppose that Ii3.12\) . and Ii3.21\) hold. For r small enough 

k 

(3.26) 0<^Ai < Cr e , 

i=l 

(3.27) |A fc+i -l| < Cr 6 for 1 < i < n, 
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and 

k 

(3.28) \Q{z) - ^(z, e{) 2 \ < Cr e \z\ 2 for z G W n , 

1=1 

where C is a constant that depends on K , n and m. 

To prove Lemma 13.11 we need some preliminary results. The first one is the following. 

Lemma 3.3 Let L denote an n-plane satisfying A3.9\) . For I = 1, • • • , k let v\ denote the 
orthogonal projection of ei onto L. If 5 and r are chosen small enough, 

k k 

(3.29) \J2xiVi-J2 x i e i\ ^ 

l=i i=i 

whenever Ym=i \ x i\ 2 = 1 

In Lemma [3.31 5 and r depend on n, a, 9 and 7. At most 2k values of 9 and 7, are used 
depending only on a, and a choice of 9. Thus one can always choose 5 > and r > to 
work simultaneously for all our choices. The constant C > 1 depends only on n and m. 

Proof: To prove Lemma |3.3[ we first estimate Q(z) for z G L fl 5(0, |). Since pz G 
L fl £>(0, p), where p = r 1+7 , (13.91) guarantees that there is a point x G £ fl B(0, p) such that 
\x — pz\ < 2pS. If 5 is small enough, |p _1 x| < |, and so (13.131) ensures that \Q(p~ l x)\ < 
€i(r, 0,7). Also, — 2 1 = p _1 |x — pz| < 25, and hence (13.31) and (13.51) guarantee that 

(3.30) \Q{p- 1 x)-Q{z)\<C5. 
Altogether, 

(3.31) \Q(z)\ <t 1 {r,9,- 1 ) + C5ioT zeLC\B($,\). 

We are now ready to prove (13.291) . Let u = Yla=i x i e i w hh \u\ = 1. Then w = Y^i=i x i v i 
satisfies \w\ < 1, thus (13.311) guarantees that 

(3.32) \Q{u)\ < \Q{w)\ + \Q{u)-Q{v)\ < e^r^i) + C5 + \Q{u) - Q{w)\. 

On the other hand since u belongs to the span of the first k eigenvectors of Q we have that 

(3.33) Q(u) = 1 - Q(u) > 1 - A fc > ' 



2n + 2 

by ([33]), fl3T5D . and <K2H\\ . If 5 and r are small enough, (EQ2D and (13T33D imply that 
(3.34) I > ' 



4n + 4 
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Thus w cannot be too close to u (because of (13.31) ). and (I3.29P holds. ■ 

Now we want to use the fact that £ n B(xq, Rq) is Reifenberg flat with vanishing constant to 
get important topological information on S p D -8(0, ~), p = r 1+7 . Denote by P the n-plane 
through which is orthogonal to e\, ■ ■ ■ , e k . Thus 

(3.35) P = span ± (ei, • • • , e k ) = span(e fc+ i, . . . , e m ). 

Call 7r the orthogonal projection onto P. Also denote by n* : M. m — > L the projection onto 
L parallel to the direction {ei, • • • , e k }, i.e. 

m n k 

tt*(x) = 7r* (^xiei) = ^Xk+iek+i + ^ yiei 
i=i i=i i=i 

where the orthogonal projection of Yld=iVi e i m -^° coincides with that of Y^i=i x k+i^k+i- 
Here L is as in (13.91) . and L 1 - denotes the (m — n) space orthogonal to L. Denote by tt' the 
orthogonal projection of M. m onto L x . Lemma [3.31 ensures that 



(3.36) C 1 \^2yiei\ < \^2yiei-^2yiVi\ = \ir'Q2yiei)\ 

i=i i=i i=i i=i 

n n 

< \n'(^2x k+ ie k+ i)\ < l^Xk+iCk+i] < 



i=i i=i 



Thus 

(3.37) |tt*(^)| < C \x\ for x G M. m . 

Here Cq = 2C where C is as in ( I3.29p . a constant that depends only on n and m. 

Set a = (4Co) _1 , and recall that p = r 1+7 , where 7 satisfies (I3.14p . The same argument as 

in [1] guarantees that: 

Lemma 3.4 For every £ G Pfl£>(0, a), there is a point z G S p ni?(0, |) such that tx{z) = £. 
[See Figure 8.1] 

We have gathered all the information needed to prove Lemma 13.11 

Proof of Lemma 13.11 To prove ( 13.221) and ( 13.231) . we apply Lemma 13.41 with £ = ae k +i, 
1 < i < n. We choose 7 so that (13. 14f) holds. We get that for some {t\ , ■ ■ ■ , tf) G R k , 

k 

(3.38) z i = Y^l\e l + ae k+i eE p r\B{Q } ^). 

1=1 

If we take 7 = 9, ( 13 . 1 3f) and ( 13.211) guarantee that 

(3.39) \Q(z l )\<e 1 (r,6, 1 ) 
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the line ir(z) = £ 
Figure 3.1: 



Combining (13.51) . (I3.15P and (I3.38|) we obtain that 

k 

(3.40) Q( Zi ) = \ Zi \ 2 - Q{zi) = ]T(1 - A,)(<1) 2 + (1 - A fe+J )a 2 . 

i=i 

Since 1 - A; > (2n + 2)~ x for 1 < I < k (by QgjUD ), we get that 

(3.41) (1 - \ k+i )a 2 < Q( Zi ) < Cl (r, 0, j) 
(by (|332J). Thus 

(3.42) \ k+i > l-a- 2 ei (r,^ 7 ), 
for 1 < z < n, and hence 

n 

(3.43) $^A fc+l >n-e 2 (r,0,7). 

i=i 



By (J3TTTD and (g35D we have that 



(3.44) J] A, = Tr(Q) - ^ A, < CCVr Q + a\ x (r, 0, 7 ) 



2=1 i=l 



This proves (13.221) . because we already know that Xw=i ^ — 0- To prove (13.231) . we proceed 
by contradiction and suppose that we can find 1 < io < n such that 

(3.45) X k+i0 >l + e 2 (r,6, 1 )+r a / 2 . 
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Then ( E2D and <^M> yield 

(3.46) E A ^ E A *+' ^ A *+*o + (n - 1)(1 - e2lr ^ ,7j ) > n + r a ' 2 



i=i i=i 



This contradicts (I3.17p . thus (13.451) is impossible and f!3.23j) holds. We already observed 
earlier that (I3.24p is a consequence of (I3.22p and (I3.23p . and so Lemma [37T1 follows. ■ 

Next we use Corollary 13.21 to rewrite (13. lip , still under the assumption that (13. 121) holds for 
some 9 G (0, f ). Combining flXTTj) and (ET23|) we get that for zeS p n B(0, \) 

k k 

(3.47) \(2br- l -\z)-Y,(z^i) 2 \ < Cr^ + CC K r a ~^ + \Q{z) - E(^z) 2 | 

i=i i=i 

< Cr> + CC K r a ~^ + Cr 6 
=■ e 3 (r,0,7). 

Note that here p = r 1+7 for any 7 > (as in (13. lip ). Of course (I3.47P only provides useful 
information when < 7 < |. 

Next we want to get a better estimate on the "tangential part" of b. This allows us to 
estimate ,5(0, s) as defined in (I2.15P for an appropriately chosen s. 

m 

Proposition 3.5 Ifb—Yl h e i, then 

i=i 



(3.48) l&fc+il < Cr 1+V e 3 (r, 9, rf) + C r 1+40 -" forl<i< 



n. 



Remark 3.6 The goal is to show that given appropriate choices for 9 and 77 satisfying 
(I3.2ip and (I3.14p with 77 in place of 7, (13.481) provides an improvement over (I3.12p . In the 
codimension 1 case it was possible to choose 7 = 77 = 39/2. The reader will note that this 
choice does improve estimate (13.121) . Unfortunately in the higher codimension set up it is 
premature to choose 77 at this stage. 

Proof: Choose 9 and 7 = rj such that (I3.2ip and (I3.14p hold. We can then apply Lemma 
13.41 Fix i G {1,2, ... ,n} and apply Lemma 13.41 to the two points £± = ±aek+i- We get k 
vectors (tf,--- ,t^) such that 

k x 

(3.49) z± = E l t e i ± ae k+i e ^1+, n B(0, -). 

1=1 

Then (13.471) implies that 

k k 

(3.50) Yl Zhr-^tf ± 2b k+l r- 1 ^a - ^(tf) 2 > -e 3 (r, 9, 77). 
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Set /,(*) = Ib^-H - t 2 for 1 < I < k. Then 

(3.51) hit) = (b ir - l -nf - (kr- 1 ^ - t) 2 < (kr- 1 -*) 2 

for all t G R. Hence by fl33UD and (13311 we have that 

k k 

(3.52) ± 2b k+i r- l ^a > -e 3 (r, 9, V ) fi{tf) > -e 3 (r, 0, ry) - ^r- 1 -") 2 . 

Here we have two inequalities, one for each sign ±. Thus by A3. 12[) 

(3.53) \b k+l \ < (2a)" 1 r 1+ "e 3 (r, 9, rf) + {2 a y x \b\ 2 r- 1 ~ r] < Cr 1+V e 3 (r, 9, rj) + Cr 1+Ae ~\ 



Combining fl3T48|) and flSTTj) . we get that for z G S p n 5(0, |), where p = r 1+7 , 
(3.54) 

k k n 

|(2^6 i r- 1 ^, 2 )-^^e i ) 2 | < e 3 (r, 5, 7 ) + I £ 26 fc+i r" 1 ->^, e fc+J ) | 
z=i i=i i=i 

< e 3 (r, 0, 7) + CV-^V+^r, 0, 77) + Cr* 9 '* 1 ' 1 

< (7(r 7 + r a ~ 2 T -)_ r e -)_ r 2, ?-7 4_ r a-?j-7 _|_ r e+»?-7 _|_ r 4S-n- 

This holds for 6 1 as in (13.211) . 77 satisfying 

(3.55) < t? < 29 and 2r/ < a, 

and all 7 > as in (13.471) It only provides an interesting estimate for some values of 
Choose 

(3.56) < 4 7 < a, 
and define 

(3.57) e 4 (r, 9, 7, 77) := C(r 7 + r° + r 2r? ~ 7 + r e+r ?- 7 + r 49 '^). 
Then (13.541) becomes 

fc k 

(3.58) I (2 £ hr- l -\ z) - q) 2 | < e 4 (r, 0, 7, 77). 

l=i 1=1 

Proposition 3.7 With the notation above we have that 

k 

(3.59) I e,)e, I < 3e 4 (r, 0, 7, 77) 1 / 2 for z G S p n 5(0, J), 
i/ere p = r 1+7 . T/ie exponents 9, 7 and 77 satisfy $3.21\) . (EZ53J) and (CL2|). 
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Proof: Set z 1 = Ya=\( z , e i) e i for z e S p n 5 (°> §)■ Then fl334l) can be written 

(3.60) \z ± (z ± -d)\<e 4 (r,9, 7}V ) } 
where d = 2&- L r~ 1 ~ 7 . This forces 

(8.59+) |^| < e 4 (r,e,7,7/)i 

or 

(8.59-) l^-dl < £4(7-, 0,7, 77)*. 

If |d| < 2e4(r, 0, 7, 77)2, then (I3.59f) trivially follows from this. So let us assume that \d\ > 
2e<i(r, 9, 7, 77) 2 . Denote by W the connected component of S p fl 5(0, |) containing the origin, 
and set 

(3.61) IA± = {z E U\ (8.59±) holds}. 

Obviously U + and U- are closed in U, and since U is the disjoint union of U + and W_ (because 
\d\ > 2e±(r, 9, 7, t?) 3 ), W must be equal to W + . Thus to prove (13.591) it is enough to show that 

(3.62) S p n B(0, -) C W. 

Since (13.11) holds, S p is locally Reifenberg flat and the same argument used in Section 8 of 
PQ yields (I3.62p . Proposition 13.71 follows. ■ 

Note that (l3~59l) says that if |& r | < r 1+29 , then 

(3.63) (3(0, V+ 7 ) < 12e 4 (r, 9, 7, 77)2 =: e 5 (r, 0, 7, r/), 
where /3(0, s) is defined as in (12.151) and 

(3.64) e 4 (r, 9, 7, 77) = C(r 7 + / + r 2r? " 7 + Z 4 " 7 " 7 + r 4 ^ 7 ). 

Here C depends on n, m and K. The estimate (13.631) holds for all exponents 9, 7 and r\ 
satisfying (13T2H . (13~55|) and (l3~56l) . 

Recall that 6 r = b. So far we have omitted the dependence of r to simplify the notation, as 
there was no room for confusion. From now on we need to keep track of it as it will be made 
clear shortly. 

When (13TT21 does not hold, i.e. 

(3.65) \b\ > r 1+2e , 
fl3~TT]) and tell us that 

(3.66) I (26r- 1 " 7 , z) \ < \Q(z) | + Cr~< + CC K r a ~^ < C 
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for z G S r i+7 fl -8(0, ~), provided that we choose < 7 < f , r < r and r small enough. Set 
r = Then 

(3.67) I (r, z) I < C\b\- l r l+ ^ < Cr^ 29 

for z G S r i+ 7 fl 5(0, |). In the codimension 1 case |(r, z)| measures the distance from z to 
the n-plane orthogonal to r. (13.671) implies that /3(0, \r l+1 ) < Cr"<~ 29 . In this case choosing 
r], 7, 9 appropriately one can guarantee that /5(0, |r 1+7 ) is bounded by a positive power of 
r. This case is done in pp. 

In codimension k = m — n we need to produce a k plane such that z ± , the orthogonal 
projection z G S r i+7 fl B(0, |) onto this plane, is bounded by a positive power on r. To 
accomplish this we need to choose 3k exponents rji, j i} 9i and k + 1 radii with 1 < i < k 
satisfying 

(3.68) < 38i < a, < 4^ < a, < rji < 29 { and 2?^ < a, 
and 

(3.69) ri = r, r i+ i = r 4 1+7 \ 

The difficulty lies on the fact that several additional compatibility conditions arise along the 
proof, and we need to check that they can be satisfied. 

Case 1 There exists i — 1, . . . ,k — m — n such that 

(3.70) \b ri \<r] 
then Ii3. 63\) ensures that 

(3.71) (3(0,\r i+1 ) < e 5 (n, 6^,7^ rji). 



i 



4 



Thus we have 



(3.72) < — m Tj ^) < ^etM^rh). 

4 r k+1 4 r k+1 

Case 2 For all % = 1, • • • ,k = m — n 

1+26,; 



(3.73) |&r<|>^ 
then \3.61 ) guarantees that 

(3.74) \( n ,z)\ <Crf- 2 ^ for z G S ri+1 fl B(0, ~), where n = Ai 
Thus 

(3.75) \(Ti,x)\ < Cr i+1 rf~ 29 ' = Cr^ 2 "'*- 29 * for x G S n 5(0, ^). 
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If j > + 1 then Tj < r i+ i. Using the definition ofb r . which appears in Ii2.8\) we obtain from 
that 

(3.76) \(Ti,b rj )\ <Cr l+l rf- 2d \ 
The definition of Tj combined with ( 3.73 ) and Jff. 76] ) yield 

(3.77) | (n, t 3 )\ < Crf-^n+ir?- 26 * = CrJ 1 '^ r^' 26 * for j>i+ 1. 

Our goal is to show that in either case there exists s, a power of r, such that (3(0, s) is 
bounded above by a power of r (i.e. of s). In Case 1 it suffices to show that the exponent of 
r in the right hand side of (13.721) is positive. In Case 2 we first need to show that the vectors 
77 for I — 1, • • • , k are linearly independent (in fact almost orthogonal). This is achieved by 
showing that the exponent of r that appears in (13.771) can be made positive. Once we know 
that the vectors T\ for I = 1, ■ ■ • , k are almost orthogonal (13.751) provides an estimate for 
/3(0, -^p). In fact assume that | (rj, Tj) \ < for i, j = 1, • • • , k, i ^ j. Then (13.751) yields 
that x 1 - the orthogonal projection of x G £ PI B(0, ■ ! -^ i ) satisfies 



(3.78) \x I < C max r 

Ki<k 



l+2 7i -26»i 



Therefore 

(3.79) 0(0, ^) < Cr^ max r^-^, 

4 l<t<k 

where C is a constant that depends on n, m and K. 

Our immediate task is to show that by choosing 9i, r\i and ji appropriately and satisfying 
(I3.68P the right hand sides of (I3.72p . (l3.77p . and (I3.79P can be written as positive powers of 
r. 

We first focus on the right hand side of (13.771) for j > i + 1. Recall that 

(3.80) r j =r]¥>- 1 = r ^ Zl{1+ll \ 
hence 

( 3 gl ) r -i-2e 3r i+2 7l -20, = r i+2 7l -2e 1 -(i+2e J )nC l 1 ( 1 +7i) 

Thus for each i — 1, • • • ,k and j > i + 1 we need 

j'-i 

(3.82) 1 + 2 7i - 20< - (1 + 2(9 i )JJ(l + 7 ,) > 

Similarly the right hand side of (13.791) yields 

(3.83) r^ 1 1 r 1+ ' lli ~' 2di = r 1+2 ' 1i ~ 2di '^-i=^ 1+ ' 1l \ 
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which leads to the condition 

k 

(3.84) i + 2 7i -20;- JI(l + 7z ) >0, 

i=i 

for all i — 1, • • • , k. 

Note that if fl3T82|) is satisfied for j = k + 1 then so is flBTMD . Moreover (13T82]) applied to 
j — i + 1 requires that for i = 1, • • • , k 

(3.85) 7< > 29i. 

The right hand side of (I3.72p produces five conditions for each i — 1, • • • , fc. In fact the term 

(3.86) r- k l +1 r i+l = T \+*-*&*^ 

is multiplied by each one of the terms in e 5 (rj, 0j, 7i , rji). We obtain: 

(3-87) i+ 7 ._JJ(i + 7j ) >0 , 



k 

(3.88) i + 7 . + |_ JJ(i +Tl ) > , 



(3.89) i + | +J7 ._JJ(i + 7{ ) >0 



(3-90) i + | + | + |_pj(i + 7)>0 , 

i=i 

(3.91) i + | +2 ^-|- J](l + 7i)>0. 

Using (I3.85P and (I3.68P we observe that 



(3-92) 1 + |y, - H(l + 7j) > 1 + | + 29i - | - 11(1 + 7/), 



and 

/ 
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(3.93) l + 7, + |-ri(l + 7/)>l + | + | + |-n(l+70. 



Thus flXHTD and <^M> are satisfied whenever (1538) . M . and (133Tj) hold. 

At this point we are ready to choose the form of the exponents. Let 

(3.94) 7; +1 = K'ji, 6 l+1 = K0 h = kt) U 
with 

1 3 

(3.95) < k < — , < 30i < a, < 4 7l < a, and < 771 = -Q x < 

Note that this implies that 2rji < a. 

This choice of 71, 9%, rji and k ensure that (I3.68|) is satisfied, that r)i = \di, and that ji < 1/4. 
Note that three of the four remaining conditions (13.821) . (I3.89p . (I3.90p and (13. 9 1 p contain the 
term [7f =i (l + Ji), or a product term which is bounded by it. Using the fact that for x > 
1 + x < e x and that for x < 1/2, e x < 1 + x + x 2 we have 

(3.96) 17(1 + 7 < = ^ ^ < e ^ < 1 + + ( V . 
- LJ - 1 — /? VI — /?/ 

Hence f l3T82|) . (13T891 . fl3T90|) and f[3~MD become 

7i / 1% 



(3.97) 2 7 , - 20* - 2k0, - (1 + 2«0<) ^y-f^ + (^y-f^ ) 1 > 0. 
where we used the fact for j > i + 1, 0j < K0j. 

(3.98) | + ,,-_^_(_^_)\o, 



0,9) |4 +! __ ? __(_ ? _y > o, 



(3.100) 1 + 20,-1--^- f -^- > ) 2 > 0. 

2 2 1 — k \ 1 — /€/ 

Combining fIBTMj) and fl3T95|) . fl3T9Tj) . (I3T98D . fl3T99|) and (fBTTOOj) become 

7i / 7i 



(3.101) 2 7l -20 1 (l + K )-(l + 2^ 1 ) ( I ) )>0, 



(3.102) £ + 2 ei _ _ p5_Y > o 

v 7 2 2 1-k V1-/C/ 
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(3.103) H + 5 a 1 --^-(-^-) 2 >0. 
K J 2 4 1-k \1-kJ 

Note that if (13.1021) is satisfied so is (I3.103p . Thus we only have two conditions left to satisfy, 
namely (I3.10ip and (I3.102p . At this point we can choose 

(3.104) 7l = k 2 (1 - k) and 6 X = ^ + ^y P rovided 4« 2 (1 - k) < a. 
Recalling that k < j^, a straightforward calculation shows that 

(3.105) 271 - 20i(l + k) - (1 + 2k0i) I + ^ 



1 — K \1 — K y 

> 2k 2 (1 - k) - 20i (1 + k) - k 2 (1 + 2k0i)(1 + k 2 



i-3 (-3 



> (2-8k-6k 2 )> 



1 + 4k 7 ~ 1 + 4k' 

and 



(3.106) 



21 + 3 21 f ^2_V > -( K yi- K )+36 1 -2K 2 -2K*) 

2 2 1-k V 1 -^/ ~2 VV ; 1 ; 



K 2 



> tt^ -- (l - 13k - 12k 2 - 16k 3 ) 

_ 4(1 + 4k) v ; 



> 



K 2 



32(1 + 4k) 



Inequalities fl3TT05|) . (13TT05|) combined with (l3~72l . (I3~63|) . fl3T64l) . (13~79|) . (I3T821 . fl3~89|) . fl3T901 
and (I3.9ip show that for k such that 4k 2 (1 — k) < « 

(3.107) (3{0,^-)<Cr^ where r fc+1 = r n ^ (1+7!) . 

Note that flBTTMj) and fl3TT05|) ensure that 

fc 

(3.108) Y[{l + "fi) <l + k + k 2 . 

i=i 

Therefore for t = ^ (IBTOTl) yields 

(3.109) P(0,t) < Ct(i+4«)(i+«+^), 

where C is a constant that depends on n, m, a and our specific choice of k. 
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4 On the flatness of asymptotically optimally doubling 
measures 



Recall the following result from Preiss [5]. See also [2] [Propositions 6.18 and 6.19] for more 
details. 

Theorem 4.1 There exists a constant 6q > depending only on n and d such that if v is an 
n-uniform measure on W m (normalized so that u(B(x,r)) = r n for all x G supp(z/), r > 0) 
such that its tangent measure A at oo satisfies 

(4.1) min / dist(x, L) 2 dX(x) < e 2 , 

LeG(n,m) J B (0,l) 

then v is flat. Here G(n,m) stands for the collection of all n-planes in IR m , A is normalized 
so that X(B(x,r)) = r n for all x G supp(A) ; r > 0. 

We need to define a smooth version of the usual coefficients /?2- To this end, let (p be a 
radial function with Xb(o,2) < V? < Xb(o,3> Let B = B(x ,r) be a ball with centered at 
xo G supp(/i). We denote by 

(4.2) A,(B)= min (JL fJ 

LeG(n,m) yr n+z J \ 

The following two theorems are the key tools in the proof of Theorem 11.91 We postpone 
their proofs to the end of the section. We first indicate how they are used to prove Theorem 
Ol 

Theorem 4.2 Let \x be an asymptotically optimally doubling measure supported on E C M. m . 
Let K C M m be compact and suppose that 

(4.3) C ~V n < fi(B(x, r)) < C r n for x G K n E ; < r < diam(it). 

For any 77 > 0, t/iere erraste 5 > depending only on rj, n, m, fi, K and Co such that if B is 
a ball contained in K and centered at K nS with fc^B) < 5, then 02,n{P) < V for any ball 
P C B centered at K nS. 

Theorem 4.3 Lei 6e an asymptotically optimally doubling measure supported on E C K m . 
Assume that G £ Let C M m fre a compact set such that -6(0, 2) C X, and suppose that 

(4.4) C^V < fi(B(x, r)) < C r n for x G K H E, < r < diam(iT). 

Given e > 0, there exists 5 G (0, £q) depending only on e, n, m, \i, K and Cq such that if 
hti(B) < 5, for every ball B C -6(0, 2) centered at K nS £/ien i/iere exzsis -R > siic/j £aa£ 
r) < e /or a// x G E H -8(0, 1) and r < R. 



dist(x, L) 2 dfi(x] 
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Corollary 4.4 Let fi be an asymptotically optimally doubling measure supported on E C M m 
Let K C M m 6e compact set and suppose that 

(4.5) C^V < /i(B(x, r)) < C r n for x G K n E ; < r < diam(tf). 

Given e > 0, taere exzsfo 5 G (0, Eq) depending only on e, n, m, \i, K and Co such that if 
P2,n(B(x , 4i?o)) < 8, where x G E and 5(x ,4_R ) C If, iaen taere exisfo i? > such that 
9(x, r) < e /or all x G E fl S(xo, 2i? ) and r < R, i.e. ED B(xo, 2Rq) is e-Reifenberg flat. 

Proof of Theorem 11.91 First note that (11.171) ensures that condition H4.5[) is satisfied. It 
also implies that the density of \x exists and equals 1 everywhere. Therefore Preiss' work 
(see [5]) yields that E is n-rectifiable. Furthermore /i = 7i n l_ E. Thus given r\ G (0, so) for 
Tt n - a.e x G E there exists p > such that for r < p, 9(x, r) < rj. Let 

(4.6) K = {x G E : lim sup 6(x, r) = 0} 

r~*0 

Note that H n (S) = where 5 = E\7£. For x E 7Z there exists i? is sucn that ^(^o, r) < n 
for r < 8i?o- This implies that ^2,h{B{xq, 4i?o)) < Cn, where C only depends on Co. For 
e G (0, <5(n, m)) where 5(n,m) is as in Theorem 11.81 by Corollary 14.41 we can find r] so that 
Cr] < 5 < Eq, which ensures that E fl B(x , 2R ) is S(n, m) Reifenberg flat. We use Theorem 
11.81 to conclude that E fl B(xq,Rq) is a C 1,/3 n-dimensional submanifold. In particular this 
implies that 71 is open in E because, E fl B(x , 2R ) <zlZ. ■ 
To prove Theorem 14.21 we need the following result: 

Lemma 4.5 Let fi be an asymptotically optimally doubling measure on M. m . Let K C M m 
be compact and let 5$ be any positive constant. Suppose that 

Cq 1 ^ < (i(B(x, r)) < C r n for x G K n E, < r < diam(K). 

There exists some constant e% depending on Eq and Cq (but not on 5q) and an integer N > 
depending only on ji, K , Co, and So, such that if B is a ball centered at E such that 2 N B C K 
and 

(4.7) h^B) < £ i forl<k<N, then faA B ) ^ 6 °- 



Proof: Suppose that the integer N does not exist. Then there exists a sequence of points 
{xj} C K PI E and balls Bj := B(xj,rj) such that 2^Bj C K, and 

/M2 fe £,.)< £l for l<fc<j, 

but (32,n{Bj) > 5q- Clearly rj — > as j — > oo. For each j > 1, consider the blow up measure 
defined by 



p(rjA + xj) 
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Extracting a subsequence if necessary, we may assume that {//j} converges weakly to another 
measure v, which by [I] [Theorem 2.2] is rz-uniform. We claim that 

(4.8) /M#(0, 2 fe )) < e x for all k >0 
and 

(4.9) fo, v (B(0,l))>6 . 

Assume the claim for the moment. It is easy to check that (14.81) implies that the tangent 
measure A of v at oo satisfies 

min / dist(x, L) 2 d\(x) < el, 

LeG(n,m) J B(0,l) 

(assuming e\ < Eq small enough) and so v is flat by Theorem 14.11 This contradicts (14. 9p . 
and the lemma follows. 

Let us prove (14.81) . Let B(0, 2 k ) be fixed. Extracting a subsequence of {/x,-}, we may assume 
that the n-planes Lj which minimize 02,n- {B{0, 2 fc )) converge in the Hausdorff metric to 
another n-plane L, and then it easily follows that 



(4.10) 



<P 



\x\ 



dist(x, Lj) 2 dfij(x) — J <p (^t^j dist(x, L) 2 dv(x) 



as j-> oo. 



Notice also that 
1 

2 fc O+2) 



X /* f \x |\ 1 f I \X — X ' \ / x — X ' \ ^ 

^) J j^&LjYd^ix) = 2Hn+2) ^ Bj) J ^[-^f- ) dist (^~ ,L v d ^ x) 

1 f f I X — X ' \ 



2*:(n+2) ? 



(2 k r j ) n+2 

(4.11) <4 

since + r^-Lj is the n-plane that minimizes /32 tfl (B(xj, 2 k rj)). Inequality (14 .8p follows from 
(14. 10p and the preceding estimate. 

The proof of (14. 9 p is analogous. Now let L be an arbitrary n-plane. Then we have 



dist(x, L) 2 dv{x) = lim / <£>(|x|) dist(x, L) 2 dfj,j(x) 

j^oo J 



I f f\X Xn \\ fX X ' 

lim / ip — dist ( -, L ) dfi(x) 



j-oo fM(Bj) J \ Tj ) \ r, 

(4.12) = lim ) [ J ) dist(x, x, + rj L) 2 dfi(x) > 6 2 , 
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since ^{Bj) > 5 . 



Proof of Theorem [4721 Let S\ be the constant given by Lemma l4~5l and set Sq = min(ex) v) 
(recall that E\ is independent of Sq). Let N be the corresponding integer given by the same 
lemma. 

If 8 is chosen small enough, then we clearly have /3 2)At (P) < min(ei, rj) for any ball P centered 
at any point in SHE with r(P) > 2~ N r(B). By the preceding lemma, by induction on j > 
we infer that /? 2 , M (.P) < min(ei,^) for any ball P centered at B D E with radius r(P) such 
that 2~i~ 1 r(B) < r{P) < 2~ j r(B) (where r(B) stands for the radius of B). ■ 

Proof of Theorem 14. 3i We argue by contradiction. Suppose that there exists e± > 
such that for each i > i and each ball B C B(0, 2) centered in K fl E, /3 2)/1 (5) < 2~ % < e 
but there are Xj G E fl 5(0,1) and fj > with lim^oo = 0, so that 9(xi,ri) > E\, i.e 
6*^(0, 1) > where Ej = ^(E — Xj). Consider the blow up sequence {fii} defined by 

(4.13) ^E)-^""^ 



li{B{x h ri)) 



Modulo passing to a subsequence Theorem 2.2 in [I] ensures that ^ converges weakly to a 
Radon measure ^ which is n-uniform. Moreover Ej converges in the Hausdorff distance 
sense to Eoo = supp/Zoo uniformly on compact subsets. Therefore 6^(0,1) > e$/2. State- 
ment (I4.10p guarantees that for r > /3 2jMi (I?(0, r)) converges to /5 2jAtoo (-B(0, r)). Since for 
r > there exists i r so that for i > i r /3 2i/li (.B(0, r)) < 2~ l then /3 2iAloo (5(0, r)) = for every 
r > 0. Thus the support of fi^, E^ is contained in an n-plane. Since ^ is n-uniform (and 
flat at infinity), then E ro is an n-plane, which contradicts the fact that 9s x (0, 1)) > eo/2- ■ 
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